A graph is said to be total-colored if all the edges and vertices of the graph are colored. A path in a total-colored graph is a total proper path if (i) any two adjacent edges on the path differ in color, (ii) any two internal adjacent vertices on the path differ in color, and (iii) any internal vertex of the path differs in color from its incident edges on the path. A total-colored graph is called total-proper connected if any two vertices of the graph are connected by a total proper path of the graph. For a connected graph G, the total proper connection number of G, denoted by tpc(G), is defined as the smallest number of colors required to make G total-proper connected. In this paper, we study the total proper connection number for the graph operations. We find that 3 is the total proper connection number for the join, the lexicographic product and the strong product of nearly all graphs. Besides, we study three kinds of graphs with one factor to be traceable for the Cartesian product as well as the permutation graphs of the star and traceable graphs. The values of the total proper connection number for these graphs are all 3.
Introduction
In this paper, all graphs considered are simple, finite and undirected. We refer to the book [3] for undefined notation and terminology in graph theory. A path in an edgecolored graph is a proper path if any two adjacent edges differ in color. An edge-colored graph is proper connected if any two vertices of the graph are connected by a proper path of the graph. For a connected graph G, the proper connection number of G, denoted by pc(G), is defined as the smallest number of colors required to make G proper connected. Note that pc(G) = 1 if and only if G is a complete graph. The concept of pc(G) was first introduced by Borozan et al. [4] and has been well-studied recently. We refer the reader to [2, 4, 7, 14, 19] for more details.
As a natural counterpart of the concept of proper connection, the concept of proper vertex connection was introduced by Jiang et al. [12] . A path in a vertex-colored graph is a vertex-proper path if any two internal adjacent vertices on the path differ in color. A vertex-colored graph is proper vertex connected if any two vertices of the graph are connected by a vertex-proper path of the graph. For a connected graph G, the proper vertex connection number of G, denoted by pvc(G), is defined as the smallest number of colors required to make G proper vertex connected. Especially, set pvc(G) = 0 for a complete graph G. Moreover, we have pvc(G) ≥ 1 if G is a noncomplete graph.
Actually, the concepts of the proper connection and proper vertex connection were inspired by the concepts of the rainbow connection and rainbow vertex connection. For details about them we refer to [8, 15, 16, 18] . Here we only state the concept of the total rainbow connection of graphs, which was introduced by Liu et al. [17] and also studied in [10, 22] . A graph is total-colored if all the edges and vertices of the graph are colored. A path in a total-colored graph is a total rainbow path if all the edges and internal vertices on the path differ in color. A total-colored graph is total-rainbow connected if any two vertices of the graph are connected by a total rainbow path of the graph. For a connected graph G, the total rainbow connection number of G, denoted by trc(G), is defined as the smallest number of colors required to make G total-rainbow connected. Motivated by the concept of the total rainbow connection, for the proper connection and proper vertex connection Jiang et al. [11] introduced the concept of the total proper connection. A path in a total-colored graph is a total proper path if (i) any two adjacent edges on the path differ in color, (ii) any two internal adjacent vertices on the path differ in color, and (iii) any internal vertex of the path differs in color from its incident edges on the path. A total-colored graph is total-proper connected if any two vertices of the graph are connected by a total proper path of the graph. For a connected graph G, the total proper connection number of G, denoted by tpc(G), is defined as the smallest number of colors required to make G total-proper connected. It is easy to obtain that tpc(G) = 1 if and only if G is a complete graph, and tpc(G) ≥ 3 if G is not complete. Moreover,
We recall some fundamental results on tpc(G) which can be found in [11] .
If G is a nontrivial connected graph and H is a connected spanning subgraph of G, then tpc(G) ≤ tpc(H). In particular, tpc(G) ≤ tpc(T ) for every spanning tree T of G.
Proposition 2.
[11] Let G be a connected graph of order n ≥ 3 that contains a bridge. If b is the maximum number of bridges incident with a single vertex in G, then tpc(G) ≥ b + 1.
Let ∆(G) denote the maximum degree of a connected graph G. We have the following.
If T is a tree of order n ≥ 3, then tpc(T ) = ∆(T ) + 1.
The consequence below is immediate from Proposition 1 and Theorem 1.
Corollary 1.
[11] For a nontrivial connected graph G,
T is a spanning tree of G}.
A Hamiltonian path in a graph G is a path containing every vertex of G and a graph having a Hamiltonian path is a traceable graph. We get the following result.
Corollary 2. [11]
If G is a traceable graph that is not complete, then tpc(G) = 3.
Let K m,n denote a complete bipartite graph, where 1 ≤ m ≤ n. Clearly, tpc(K 1,1 ) = 1 and tpc(K 1,n ) = n + 1 if n ≥ 2. For m ≥ 2, we have the result below.
Theorem 2.
[11] For 2 ≤ m ≤ n, we have tpc(K m,n ) = 3.
Theorem 3.
[11] Let G be a 2-connected graph. Then tpc(G) ≤ 4 and the upper bound is sharp.
The standard products (Cartesian, direct, strong, and lexicographic) draw a constant attention of graph research community, see some papers [1, 5, 9, 13, 20, 21, 23, 24] . In this paper we consider the join, permutation graph and three standard products: the Cartesian, the strong, and the lexicographic with respect to the total proper connection number. Each of them will be treated in one of the forthcoming sections. In Section 2,5 and 6, we prove that 3 is the total proper connection number for the join, the lexicographic product and the strong product of nearly all graphs, respectively. In Section 3, we study three kinds of graphs with one factor to be traceable for the Cartesian product, and obtain that the values of the total proper connection number of these graphs are all 3. In Section 4, we show that the total proper connection numbers of the permutation graphs of the star and traceable graphs are also 3.
Joins of graphs
The join G ∨ H of two graphs G and H has vertex set V (G) ∪ V (H) and its edge set consists of E(G) ∪ E(H) and the set {uv : u ∈ V (G) and v ∈ V (H)}.
Theorem 4. If G and H are connected graphs such that G ∨ H is not complete, then tpc(G ∨ H) = 3.
Proof. If G and H are both nontrivial connected graphs such that G ∨ H is not complete, then G ∨ H contains the graph in Theorem 2 as a spanning subgraph. By Proposition 1 and Theorem 2, it follows that tpc(G ∨ H) = 3. Thus we may assume that G is a nontrivial connected graph of order at least 3 that is not complete and H = K 1 where V (H) = {w}. Since G ∨ K 1 is not complete, it follows that tpc(G ∨ K 1 ) ≥ 3 and so it remains to show that tpc(G ∨ K 1 ) ≤ 3. Let T be a spanning tree of G. By Proposition 1, it suffices to show that tpc(T ∨ K 1 ) ≤ 3. For a vertex v ∈ V (T ), let e T (v) denote the eccentricity of v in T , i.e., the maximum of the distances between v and the other vertices in T . Let 
Let x and y be two vertices of T ∨ K 1 . Since w is adjacent to every vertex in T , we may assume x, y ∈ V (T ). First, suppose that x ∈ V i and y ∈ V j , where 0 ≤ i < j ≤ e T (v). If i and j are of opposite parity, then the path xwy is a total proper x-y path in T ∨ K 1 . Thus we may assume that i and j are of the same parity and so j − i ≥ 2. Let z ∈ V j−1 such that yz is an edge of T . Then the path xwzy is a total proper x-y path in T ∨ K 1 . Next, suppose that x, y ∈ V i for some i with 1 ≤ i ≤ e T (v). Let z ∈ V i−1 such that xz is an edge of T . Then the path xzwy is a total proper x-y path in T ∨ K 1 . Hence for any two vertices x and y in T ∨ K 1 , there exists a total proper path between them and so tpc(T ∨ K 1 ) ≤ 3. Therefore, tpc(G ∨ H) = 3.
The Cartesian product
The Cartesian product G H of two graphs G and H is the graph with vertex set V (G)×V (H), in which two vertices (g, h) and (g ′ , h ′ ) are adjacent if and only if g = g ′ and hh ′ ∈ E(H), or h = h ′ and gg ′ ∈ E(G). Clearly, the Cartesian product is commutative, that is, G H is isomorphic to H G. Moreover, G H is 2-connected whenever G and H are connected. From Theorem 3, we have that 3 ≤ tpc(G H) ≤ 4. In this section, we mainly study three kinds of graphs with one factor to be traceable for the Cartesian product, and obtain that the values of the total proper connection number of these graphs are all 3.
Theorem 5. Let G and H be two nontrivial traceable graphs with |G| = n and |H| = m. Then tpc(G H) = 3.
Proof. Clearly, P n and P m are spanning subgraphs of G and H, respectively. Since P n P m is traceable, it follows that tpc(P n P m ) = 3 by Corollary 2. Moreover, P n P m is a spanning subgraph of G H. From Proposition 1, we have that tpc(G H) ≤ tpc(P n P m ). Thus tpc(G H) ≤ 3. Since G H is not complete, tpc(G H) ≥ 3 and so tpc(G H) = 3.
Theorem 6. Let G be a nontrivial traceable graph and H be a connected graph with maximum degree |H| − 1. Then tpc(G H) = 3.
Proof. Since G H is not complete, we just need to show that tpc(G H) ≤ 3. Let P n = g 1 g 2 ...g n be a spanning subgraph of the nontrivial traceable graph G, where n ≥ 2. And let K 1,s be a spanning subgraph of H with V (K 1,s ) = {h 0 , h 1 , ..., h s }, where s = |H| − 1 and h 0 is the central vertex. Then P n K 1,s is a spanning subgraph of G H and so it suffices to show that tpc(P n K 1,s ) ≤ 3 by Proposition 1. From Theorem 5, we only need to consider the case that s ≥ 3.
Define a 3-coloring c of the vertices and edges of P n K 1,s by
, i is even and j = 1,
, i is odd and j = 1
It remains to check that there is a total proper path between any two vertices (g i , h k ), (g j , h t ) in P n K 1,s , where 1 ≤ i, j ≤ n and 0 ≤ k, t ≤ s. For i = j, if k = 0 or t = 0, then the edge (g i , h k )(g j , h t ) is the desired path; if k = 1 or t = 1, then the desired path is
when n is odd. According to the total-coloring c of P n K 1,s , the path P is total proper. For i = j, we can always find a total proper path which is a subpath of P between (g i , h k ) and (g j , h t ) in P n K 1,s . Thus tpc(P n K 1,s ) ≤ 3 and the proof is complete.
Theorem 7. Let G be a nontrivial traceable graph and H be a connected graph with maximum degree |H| − 2. Then tpc(G H) = 3.
Proof. If |H| = 4, then H is traceable and so tpc(G H) = 3 by Theorem 5. Thus we only need to consider the case that |H| ≥ 5. Since diam(G H) ≥ 2, we have tpc(G H) ≥ 3 and so it remains to show that tpc(G H) ≤ 3. Let P n = g 1 g 2 ...g n be a spanning subgraph of the nontrivial traceable graph G. Denote by x a vertex of H with the maximum degree |H| − 2 and z the unique vertex not adjacent to x in H. Since H is connected, z must be adjacent to one neighbor, say y, of x. We then take a spanning tree T of H containing the edges zy and xu, where u ∈ V (H)\{x, z}. Clearly, P n T is a spanning subgraph of G H. From Proposition 1, it suffices to show that tpc(P n T ) ≤ 3.
First suppose that n = 2. Define a 3-coloring c of the vertices and edges of P 2 T as fol-
Moreover, give each of the unmentioned vertices and edges in P 2 T a random color from {1, 2, 3}. Next it remains to check that there is a total proper path between any two vertices (g i , h), (g j , h ′ ) in P 2 T . According to the total-coloring c of P 2 T , it is easy to see that the path
is the desired path; otherwise, we can find a total proper path which is a subpath of P between (g i , h) and (
is the desired path; if h, h ′ ∈ V (T )\{x, y, z}, the total proper path is (g i , h)(g i , x)(g i , y)(g j , y)(g j , x)(g j , h ′ ); otherwise, we can always find a total proper path which is a subpath of P between (g i , h) and (g j , h ′ ). Thus tpc(P 2 T ) ≤ 3.
Then suppose that n = 3. On the basis of the total-coloring c we give above, color the vertices and edges of P 3 T in such a way that for any w ∈ V (G)\{x, y, z}, the trail (g 3 , w)(g 3 , x)(g 3 , y)(g 3 , z)(g 2 , z)(g 1 , z)(g 1 , y)(g 1 , x)(g 1 , w)(g 2 , w)(g 3 , w) is total-proper connected. Again for the remaining edges and vertices of P 3 T , give them any color from {1, 2, 3} as you like. Similar to the above checking process, we can get that there is a total proper path between any two vertices (g i , h), (g j , h
′ ) in P 3 T and so tpc(P 3 T ) ≤ 3.
Finally suppose that n ≥ 4. We divide our discussion into three cases:
We give a total-coloring of P n T using the color set {1, 2, 3} in such a way that for any w ∈ V (T )\{x, y, z} and 2 ≤ i ≤ n, the trail (
Thus it is easy to find that the path (g 1 , w)(g 2 , w) · · · (g n , w)(g n , x)(g n , y)(g n , z) is also total proper. So far we have confirmed the colors of all the vertices and some edges of P n T . For the other uncolored edges, which of course, are all in form of (g i , h)(g j , h), give this kind of edge a color differing from the colors which its endpoints have already used. Thus we can check that for 2 ≤ i ≤ n−1, the paths (g n , w)(g n , x)(g n−1 , x) · · · (g i , x) and (g n , w)(g n , x)(g n , y)(g n−1 , y) · · · (g i , y) are all total proper. Next it remains to show that there is a total proper path between any two ver-
′ ) when i = j = 1 and the desired path is (
′ ) when i = j ≥ 2; otherwise, we can find a total proper (g i , h)-(g j , h ′ ) path which is a subpath of (g i , w)(g i , x)(g i , y)(g i , z), where w ∈ V (T )\{x, y, z}. Now we assume that i = j, say i < j. For i = 1, the path (g 1 , h )..
is the desired path; otherwise, the desired path is (g i , h )...
′ ) when h ′ ∈ {x, y, z}, where w ∈ V (T )\{x, y, z, h}. Thus tpc(P n T ) ≤ 3.
Case 2. n ≡ 2 (mod 3).
This case can be viewed as adding one T -layer to the graph in Case 1. So we give the coloring in Case 1 to P n T except for the last T -layer, which is the Z-induced subgraph where Z = {(g n , v) : v ∈ V (T )}. We color this induced subgraph in such a way that for any w ∈ V (T )\{x, y, z}, the trail (g n , w)(g n , x)(g n , y)(g n , z)(g n−1 , z) · · · (g 1 , z)(g 1 , y)(g 1 , x)(g 1 , w) (g 2 , w) · · · (g n , w) is total-proper connected. Similar to the checking process in Case 1, we can check that for any two vertices (g i , h), (g j , h ′ ) in P n T , there is a total proper path between them and so tpc(P n T ) ≤ 3.
Case 3. n ≡ 0 (mod 3).
The last case again can be viewed as one T -layer more added to Case 2. We likewise color the former n−1 T -layers as we have discussed in Case 2 and for the last T -layer, again make the trail (g n , w)(g n , x)(g n , y)(g n , z)(g n−1 , z) · · · (g 1 , z)(g 1 , y)(g 1 , x)(g 1 , w)(g 2 , w) · · · (g n , w) totalproper connected, where w ∈ V (T )\{x, y, z}. Moreover, color the two edges (g n−1 , x)(g n−2 , x) and (g n−1 , y)(g n−2 , y) with the colors of the edges (g n−2 , x)(g n−2 , y) and (g n−2 , y)(g n−2 , z), respectively. Next it remains to show that there is a total proper path between any two vertices (g i , h), (g j , h
′ ) in P n T . By symmetry, suppose that i = n and j = n−1. If h ′ = z, then the path (g n , h)...(g n , z)(g n−1 , z) is the desired path; otherwise, the desired path is
, where w ∈ V (T )\{x, y, z}. For the other cases, we can check in a similar way as Case 2. Thus tpc(P n T ) ≤ 3.
Permutation graphs
Let G be a graph with V (G) = {v 1 , ..., v n } and α be a permutation of [n] . Let G ′ be a copy of G with vertices labeled {u 1 , ..., u n } where u i ∈ G ′ corresponds to v i ∈ G. Then the permutation graph P α (G) of G can be obtained from G∪G ′ by adding all edges of the form v i u α(i) . This concept was first introduced by Chartrand and Harary [6] . Note that if α is the identity permutation on [n], then P α (G) = G K 2 is the Cartesian product of a graph G and K 2 . Moreover, P α (G) is 2-connected whenever G is connected. From Theorem 3, we have that 3 ≤ P α (G) ≤ 4. In this section, we mainly study the permutation graphs of the star and traceable graphs, and obtain that the values of the total proper connection number of these graphs are all 3.
Theorem 8. Let G be a nontrivial traceable graph of order n. Then tpc(P α (G)) = 3 for each permutation α of [n].
Proof. Let P = v 1 v 2 ...v n be a hamiltonian path of G. Then P ′ = u 1 u 2 ...u n is a hamiltonian path of G ′ . Besides, we write P −1 and P ′−1 as the reverse of P and P ′ , respectively. If α(n) = 1 or n, then clearly P α (G) is traceable and the theorem holds according to Corollary 2. Otherwise, we suppose that α(n) = i (2 ≤ i ≤ n − 1). Since P α (G) is not complete, it remains to show that tpc(P α (G)) ≤ 3. Define a 3-coloring c of the vertices and edges of P α (G) as follows. First color the vertices and edges of the path P starting from v 1 in turn with the colors 1, 2, 3. Then color the remaining vertices and edges in the three paths v 1 P v n u i P ′−1 u 1 , v 1 P v n u i P ′ u n and u α(1) v 1 P v n so that each follows the sequence  1, 2, 3, ..., 1, 2, 3 , .... Finally set c(v j u α(j) ) = c(v j−1 v j ), where 2 ≤ j ≤ n − 1. Next we check that there is a total proper path between any two vertices in P α (G). It is easy to see the total proper paths between all pairs of vertices except between u s and u t with 1 ≤ s ≤ i−1 and i + 1 ≤ t ≤ n. In this case, the path u s P ′ u i v n P −1 v α −1 (t) u t is the desired total proper path. Thus the proof is complete.
Theorem 9. Every permutation graph of a star of order at least 4 has total proper connection number 3.
Proof. For an integer m ≥ 3, let G = K 1,m be the star with vertex set {v 0 , v 1 , ..., v m }, where v 0 is the central vertex. Then there are exactly two non-isomorphic permutation graphs, namely P α 1 (G) = G K 2 where α 1 is the identity permutation on the set {0, 1, ..., m} and P α 2 (G) where α 2 = (0, 1). By Theorem 6, we have that tpc(P α 1 (G)) = 3. It remains to show that tpc(P α 2 (G)) = 3. Let {v 
, where 3 ≤ i, j ≤ m and i = j. According to the total coloring c, it is easy to see that the path P is a total proper path. Moreover, we can always find a total proper path which is a subpath of P between u and v. Thus tpc(P α 2 (G)) ≤ 3 and we complete the proof.
We conclude this section with the following question: Is there a class of nontrivial connected graphs G such that tpc(P α (G)) = 4 for some permutation graph P α (G) of G?
The lexicographic product
The lexicographic product G • H of graphs G and H is the graph with vertex set V (G) × V (H), in which two vertices (g, h), (g ′ , h ′ ) are adjacent if and only if gg ′ ∈ E(G), or g = g ′ and hh ′ ∈ E(H). The lexicographic product is not commutative and is connected whenever G is connected. In a tree T , we denote the parent of the vertex v by p(v).
Theorem 10. Let G and H be two nontrivial graphs. If G is connected and G • H is not complete, then tpc(G • H) = 3.
Proof.
Since G • H is not complete, it follows that tpc(G • H) ≥ 3 and so we just need to show that tpc(G • H) ≤ 3. If G has only two vertices, i.e. G = K 2 , then G • H contains the graph in Theorem 2 as a spanning subgraph and so tpc(G • H) ≤ 3 by Proposition 1 and Theorem 2. Now we may assume that G is a nontrivial connected graph of order at least 3. Take a spanning tree T from G and appoint a pendant vertex of T , say r, to be the root of T . Since r is a pendant vertex, it has only one neighbor in T called t. For the graph H, we view it as an empty graph. Thus the lexicographic product T • H is a spanning subgraph of G • H. By Proposition 1, it suffices to show that tpc(T • H) ≤ 3.
Define a total-coloring c of T • H using the color set A = {1, 2, 3} as follows. Let V (H) = {h 1 , h 2 , · · · , h n } and then set X = {(g, h 1 )|g ∈ V (T )}. We first give the vertices and edges of X-induced subgraph of T • H a total-coloring using A in such a way that for any vertex g ∈ V (T ), the path (g, h 1 )(g 1 , h 1 )(g 2 , h 1 ) · · · (t, h 1 )(r, h 1 ) in T • H is total proper, where gg 1 g 2 · · · tr is the unique path between g and r in T . Then color the edge (r, h 1 )(t, h 2 ) in such a way that the path (t, h 1 )(r, h 1 )(t, h 2 ) is total proper. Let Y = {(q, h 2 )|q ∈ V (T )\{r}}. We give the Y -induced subgraph of T • H a total-coloring in such a way that for any two vertices (g,
2 ) is total proper, where
′ 2 · · · tr are the paths from g to r and g ′ to r in T respectively. h 2 ) ). By the way, we let c((t, h 1 )(r, h i )) = c((t, h 1 )(r, h 1 )) for 2 ≤ i ≤ n, c((r, h 1 )(t, h j )) = c((t, h 2 )(r, h j )) = c((r, h 1 )(t, h 2 )) for 3 ≤ j ≤ n, c((r, h 3 )(t, h s )) = c(t, h 2 ) for 4 ≤ s ≤ n and c((r, h 2 )(t, h 2 )) = c(r, h 1 ). Pick one neighbor of the vertex t in T other than r called a and make c((a, h 2 )(t, h i )) = c(t, h 2 ) for 3 ≤ i ≤ n, c(r, h 3 ) = c(t, h 3 ) = c((a, h 2 )(t, h 2 )), and c((t, h 3 )(r, h j )) = c(a, h 2 ) for 3 ≤ j ≤ n.
Next it remains to check that for any two vertices (g, h i ), (g ′ , h j ) in T • H, where g, g ′ ∈ V (T ) and h i , h j ∈ V (H), there is a total proper path between them. Let gg 1 g 2 · · · tr and
′ 2 · · · tr be the paths from g to r and g ′ to r in T , respectively. If g, g ′ ∈ V (T )\{r, t}, then the path (g,
is the desired path. By symmetry, suppose that g ∈ V (T )\{r, t} and g ′ ∈ {r, t}. If g ′ = r, then the path (g, h i )(g 1 , h 1 )(g 2 , h 1 ) · · · (t, h 1 )(r, h j ) is the desired path, while if g ′ = t, then the desired path is (g, h i )(g 1 , h 1 )(g 2 , h 1 ) · · · (t, h 1 )(r, h 1 )(t, h j ). Finally suppose that g, g ′ ∈ {r, t}. If g = g ′ , then the desired path is rather simple, that is the edge (g,
is the desired path; if i = 2 and j ≥ 3, then the path (g, h i )(a, h 2 )(g ′ , h j ) is the desired path; if 3 ≤ i < j, then the path (g, h i )(a, h 2 )(t, h 2 )(r, h 3 )(g ′ , h j ) is the desired path. Thus tpc(T • H) ≤ 3 and the proof is complete.
The strong product
The strong product G⊠H of graphs G and H is the graph with vertex set V (G)×V (H), in which two vertices (g, h), (g ′ , h ′ ) are adjacent whenever gg ′ ∈ E(G) and h = h ′ , or g = g ′ and hh ′ ∈ E(H), or gg ′ ∈ E(G) and hh ′ ∈ E(H). If an edge of G ⊠ H belongs to one of the first two types, then we call such an edge a Cartesian edge and an edge of the last type is called a noncartesian edge. (The name is due to the fact that if we consider only the first two types, we get the Cartesian product of graphs.) The strong product is commutative and is 2-connected as long as both G and H are connected. Remind that d G (u, v) is the shortest distance between the two vertices u and v in graph G. And let d G (g) denote the degree of the vertex g in G.
Theorem 11. Let G and H be two nontrivial connected graphs. If G ⊠H is not complete, then tpc(G ⊠ H) = 3. Proof. Since G ⊠ H is not complete, tpc(G ⊠ H) ≥ 3 and we only need to show that tpc(G ⊠ H) ≤ 3. Like the method we use above, we pick a spanning tree T of G with root t and a spanning tree S of H with root s. Clearly, the strong product T ⊠ S is a spanning subgraph of G ⊠ H. Thus it suffices to show that tpc(T ⊠ S) ≤ 3 by Proposition 1.
Define a total-coloring c of T ⊠ S using the color set A = {1, 2, 3} as follows. Let W = {w ∈ V (T )\{t} : d T (w) = 1} and X = {x ∈ V (S)\{s} : d S (x) = 1}. We first give the vertices and edges of T ⊠S a total-coloring using A in such a way that for each w ∈ W , x ∈ X and v ∈ V (S)\{s}, the trail (
is total-proper connected and has the color sequence 1, 3, 2, 1, 3, 2 · · · except for its two endpoints. Then set c((u, s)(p(u), s * )) = c(p(u), s) where u ∈ V (T )\{t} and s * is a neighbor of s in S. For any noncartesian edge, give it a color differing from the colors which its endpoints have already used. To complete our proof, the two claims below are necessary.
Claim 1: Let tt 1 t 2 · · · t i+j and ss 1 s 2 · · · s j be two paths in T and in S respectively, where i ≡ 0 (mod 3) and t i+j / ∈ W . Then for x ∈ X, the path
According to the total-coloring c of T ⊠S, we only need to show that the path P also has the color sequence 1, 3, 2, 1, 3, 2 · · · . If so, the vertices of P should have the color sequence 1, 2, 3, 1, 2, 3 · · · . Consider the cycle C = (t i+1 , s 1 )(t i , s 1 ) · · · (t, s 1 )(t, s)(t 1 , s) · · · (t i , s)(t i+1 , s 1 ) and we have |C| ≡ 0 (mod 3). Then it follows that the cycle C is total-proper connected and c(t i+1 , s 1 ) ≡ c(t i , s) + 1 (mod 3). For the vertices (t i+d , s d ) and (t i+d+1 , s d+1 ), where
. Thus, the vertices of the path P do have the color sequence 1, 2, 3, 1, 2, 3, · · · and we complete the proof of Claim 1.
Claim 2:
Let t i t i+1 · · · t i+k and s j s j+1 · · · s j+k be two paths in T and in S respectively, where
is total-proper connected with the color sequence 1, 3, 2, 1, 3, 2 · · · .
Similar to the proof of Claim 1, for the vertices (t i+d , s d ) and (t i+d+1 , s d+1 ), where
Then the vertices of P ′ have the color sequence 1, 2, 3, 1, 2, 3, · · · and so the path P ′ is total-proper connected with the color sequence 1, 3, 2, 1, 3, 2 · · · . After removing all the cycles of the total-proper connected walks appearing above, we get the corresponding desired paths. Thus, tpc(T ⊠S) ≤ 3 and we complete the proof.
